TRANSACTIONS OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 164, February 1972

AN OPTIMIZATION PROBLEM FOR UNITARY
AND ORTHOGONAL REPRESENTATIONS
OF FINITE GROUPS

BY
D. Z. DJOKOVIC AND I. F. BLAKE(Y)

Abstract. Let G — GL (V) be a faithful orthogonal representation of a finite
group G acting in an Euclidean space V. For a unit vector x we choose g#1 in G so
that | gx — x| is minimal and put 8(x)=|gx — x|. We study the class of vectors x which
maximize 8(x) and have the additional property that | gx — x| depends only on the con-
jugacy class of g € G. For some special types of representations we are able to charac-
terize completely this class of vectors.

1. Introduction. Let G be a finite group and V a finite-dimensional real (resp.
complex) vector space. We assume that ¥ is equipped with a symmetric (resp.
hermitian) positive definite form (x, y) and so V¥ is an Euclidean (resp. unitary)
space. In the hermitian case we stipulate that (Ax, uy)=Aa(x, y).

Let T be an orthogonal (resp. unitary) representation of G on V. Instead of
T(g)x we shall write gx (g € G, x € V). V as a G-module has an orthogonal splitting
into irreducible submodules. The number of summands is the length of V. If every
irreducible submodule of ¥ is isomorphic to a fixed irreducible G-module W then
we shall say that V' is homogeneous of type W. For x € V choose g € G\N such that
| gx— x| is minimal and put 8(x)=|gx—x|. Here N=ker T.

DEFINITION 1. A4 vector x € V is optimal if x#0 and 8(x)=sup 8(y) where the
supremum is over all y € V such that |y|=|x|. We say that x is strongly optimal if
it is optimal and | gx — x| depends only on the conjugacy class of g € G.

If x is optimal or strongly optimal so is Ax for As0. It is clear that optimal
vectors exist. If N# G then 8(x) >0 for optimal x.

The problem of finding optimal vectors was raised by D. Slepian in his paper
[4] where he studies the group codes. Such codes possess many desirable properties
from a communication theory point of view. We shall determine all strongly
optimal vectors for some particular G-modules.

We consider only orthogonal (resp. unitary) finite dimensional representations
of G. All isomorphisms of G-modules are assumed to preserve the length. By
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R, C, H we denote real numbers, complex numbers and quaternions, respectively.
RG and CG are the group algebras of G.

2. Formula for distances. Let K be a conjugacy class of G and | K| the number
of elements in K.

THEOREM 1. Let V be a real or complex G-module and V=V, ®---@ V, the
decomposition into homogeneous components. Thus V; | V; for i#j. If x=x,+ - - -
+ x5, x; € V; then

S |xi| v
(1) IKI gezl:{ (gx X) Z — Xi>
and
@) |11<| z |gx—x|? = 2|x[?-2 Z x? ) Rexi

ge
Here, x; is the character of G afforded by some irreducible submodule of V;, n;=x;(1)
and x{ =xi(g) for g € K.

Proof. Note that (1) implies (2). We shall prove (1) only for ¥ complex. The
proof for real V is similar. When V is real irreducible this has been proved by
Slepian [4].

Let us assume first that V is irreducible. Then by Schur’s lemma >,.x T(g)=A-1
where T is the representation afforded by ¥ and A a scalar. By taking traces we get
A=(1/n)|K|x¥ where y is the character afforded by ¥, n=x(1) and y¥=x(g) for
g € K. Thus Y.« (gx, x)=A|x|2 and (1) is valid in this case.

In the general case we decompose each V; into orthogonal sum of irreducible
submodules V,=V;; ©@---@ Vi, and write x;=x;;+ - - - + Xy, X;; € V3;. Then

Z (gx,x) = Z Z (gxi5 xi5)

geK i,j 96K

- &1 3 Bl
i M
which proves (1).

DEFINITION 2. Let V be a real or complex G-module and x € V. We say that x is
balanced, resp. strongly balanced, if Re (gx, x), resp. (gx, x), depends only on the
conjugacy class of g€ G.

We note that in the case when V is real, balanced and strongly balanced vectors
coincide. If V' is complex let ¥'° be the real G-module obtained by restriction of
scalars. Then x is balanced in V if and only if it is balanced in V°.

COROLLARY 1. X is balanced, resp. strongly balanced if and only if

e |
Re(gx,x) = 3 —-|xl*Rex(e), VgeG;

resp.

&1
(gxa X) Z n_ Ixil2Xi(g)9 Vg €q.
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COROLLARY 2. Let V be a real or complex G-module and V° the real G-module
obtained from V by restriction of scalars. Assume that V° is homogeneous. If x € V,
x#0 then x is balanced if and only if it is strongly optimal. A necessary and sufficient
condition for this is that Re (gx, x)=(1/n)|x|2 Re x(g), Vg € G. Here, y is the charac-
ter afforded by an arbitrary irreducible submodule of V and n=yx(1).

3. Decompositions of homogeneous modules. Let W be an irreducible real or
complex G-module and let D be the endomorphism ring of W as a G-module.
By Schur’s lemma D is a division ring. If W is complex then D=C. If W is real
then D=R, Cor H. If D=R we shall say that W is of the first kind, if D= H then
W is of the second kind and if D=C then W is of the third kind [3, p. II-47].

THEOREM 2. If o € D then o* =G where & is the conjugate of ¢ in D and o* is the
adjoint of o with respect to the form (x, y).

Proof. The form (ox, oy) is G-invariant. Since W is irreducible we have

(ox, oy) = f(0)- |o|2(x, ) Vx,ye W,

where f(o) >0. The function fis continuous for ¢#0, f(1)=1, f(Ac)=f(0) for real
A and f(o7)=f(0)f(7). These properties imply that f(¢)=1 for all o € D.

THEOREM 3. Let V be a homogeneous real or complex G-module of type W and
length k. Let V=V, ®---@® V, be a fixed orthogonal splitting into irreducible
submodules and f;: W — V, a fixed set of G-isomorphisms.

(@) Let 6=(0y,), 1 i, j<k, be a unitary matrix over D, i.e. c*o=1 where o* is
the conjugate transpose of o. Define

k
fj'=.z;fiau, 15jsk

Then each f; is a G-monomorphism and V=f(W)®- - -® fi(W) is an orthogonal
splitting.

(b) Every orthogonal splitting of V into irreducible submodules can be obtained
by the method described in (a).

(c) Two unitary matrices o and T give rise to the same splitting if and only if
o=1) where A is a diagonal unitary matrix.

Proof. (a) Itis clear that f;(gx)=gf;(x) holds for all g € G, x € V. The remaining
assertions follow from

@S0 = 3, o fo2)

k

_ 72 (0,5, 0,;) = ((Z &,,a,i)x, y) = &,(x, y),

r=1

where we used Theorem 2 and §;; is the Kronecker symbol.
(b) Let V=V{@---@® V; be an arbitrary orthogonal splitting of ¥ into irre-
ducible submodules. Let f;: W V{, 1<i<k, be G-isomorphisms and let
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15i<k, be the orthogonal projector on V,. By definition of D we have = o f;
=f,0; for some o, € D. For x, y€ W we have

k
r=1 ﬂx er r/y)
k
= 12:1 (0, 0ryy) = (z 0ri0riX, Y )

u(x, ) = I L00) = (3 1

b

This implies that the matrix o =(oy;) is unitary.

(c) Assume that two unitary matrices o=(o;;) and 7=(7;;) give rise to the same
splitting of V. Then >¥*_, f,o,,=CF., f;m)A for some A, € D. Thus a,=r,A,, i.e.
o=1A where A is a diagonal matrix.

DEFINITION 3. A vector x € V is principal if there exists a scalar X and the vectors
t,e W (15i<k) such that |t;|=1 (12i<k), the subspaces Dt; (1<i<k) are or-
thogonal to each other and x=X J¥_, f(t).

(The notation is the same as in Theorem 3.)

THEOREM 4. The definition of principal vectors is independent of the choice of the
splitting V=V, ®- - -@® V) and the isomorphisms f,: W — V,. The same is true for
the subspace of W spanned by t,, . . ., t, if x#0.

Proof. Let Vi, f/, o be as in the proof of Theorem 3. Write x=x7+ - - - +xy,
x; € V{. We have

Z f fr Xy = 221 f;""srf:r- 1-7‘71-

IIMa—

k
> x
s=1

where 7=(r,,) is some unitary matrix over D. Thus f; ~(x)=>k_, 7./, *(x,).
All the assertions follow from this equality. Let for instance D= H. Then

(7, i) = 2 (rafi7 %5, 70,77 X))

-
[

( Toufi X0 Taf %) = Z Re (Fure) (fi 20 fi 1)

Re ()| xi|? = 8| 1|2

-

I
"M?’ "M“‘ :lTMw

4. Strongly balanced vectors. In the real (resp. complex) group algebra of G we
introduce symmetric (resp. hermitian) positive definite form by

(3«06 3 n026) = 3 e(erte).

Then the left regular representation of G is orthogonal (resp. unitary).

Let W be an irreducible real (resp. complex) G-module and ¥ the homogeneous
component of type W of the group algebra. Let n=dim W and let k be the length
of V. If W is complex then n=k. If W is real then n=k, 4k or 2k depending on
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whether W is of the first, second or third kind. In all cases k is the dimension of W
as D-vector space.

Let V=V, @®---@® V, be an orthogonal splitting into irreducible submodules
and f;: W — V; G-isomorphisms.

We can write 1=e+e¢’ where ec V and ¢’ | V. Since ¥ is a minimal two-sided
ideal of the group algebra of G we have [1, p. 236]

= 2 x@)g;
geG

e is in the center of the group algebra and it is an idempotent, i.e. e2=e#0. Since
le|2=(e, e)=(e, 1)=n?/|G|, (ge, &)=(g, €)=(n/|G|)x(g) =(1/n)|e|*x(g), we see that
e is strongly balanced.

DEFINITION 4. A basis t,, . . ., t, of the D-vector space W is called D-orthonormal
basis if |t;| =1, 1S i<k, and the subspaces Dt,, 1 i<k, are orthogonal to each other.

THEOREM 5. Let V be a homogeneous component of type W of RG or CG. Then
x € V is strongly balanced if and only if it is principal.

Proof. Sufficiency. Let t;,...,t, be a D-orthonormal basis of W and
x=AY¥_ . fi(#). Then

(g0 = W* 3 (@) = BE 3 gt .

If W is complex or real and of the first kind then J¥_, (gt;, ;) =x(g).
In the remaining two cases the arguments are similar. We consider only the case
when W is real and of the second kind.
Let e, € D (0<i<3) satisfy eg=1, e;e;=e3, e.e3=¢;, €3¢, =€,, 3 =€3=€3=—e,.
Then
k
; (gt 1) = z (geity, exty)

K K
_z (geaty, eaty) = 421 (gests, esty).

Since 4k =n and 4k vectors ¢, e,t;, eqt;, est; (1 Li<k) form an orthonormal basis
of W it follows that >¥., (gt;, t;)=%x(g).

Necessity. Let x=x,+ - - - +x, x; € ¥V}, and t,=f;"(x;). Let T be the representa-
tion of G afforded by W and End (W) the algebra of all linear transformations of
W. The subalgebra of End (W) generated by T(g), g € G, coincides with the
commuting algebra of D in End (W) (see Wedderburn’s theorem, [2, p. 445]). Let
W=X@ Y be a direct decomposition of W as D-vector space where X is spanned
by t,,..., t. Let P be the projector on Y with kernel X. Then P belongs to the
subalgebra generated by T(g), g € G. Since

> ety = o)
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holds for all g € G we must have also
k 2
S Py = L ().
i=1 n

Thus tr (P)=0and so #,, ..., t, is a basis of W as D-vector space.

The rest of the proof depends on D. We shall only consider the case D=H,
the arguments are similar in other cases.

The vectors t;, e,t;, est;, est; (1=i<k) form a basis of W as real vector space.
Let A be a linear transformation of W as D-vector space. If At,=>¥., o,;t;, 0,;€ H,
oy =ade,+afe, +afe, +ades, of; € R, then

Aeit = eiAtj = €; Z Z a,,es Te

r=1s=
By assumption we have >¥_; (41, ;) =(|x|?/n) tr (4), i.e.

k 3

k
Z af](estr’ t]) in— Z

r,j=1s=0

Since of; can be chosen arbitrarily this implies that (egt,, t;)=0if r#j or s#0, and
|t:|=|tz] = - - - =|tx]. Thus x is principal.

COROLLARY 1. Let V be as in the theorem. If x#0 is strongly balanced then V is
generated by x as G-module.

Proof. Let X be the submodule of V generated by x. Then we can choose an
orthogonal splitting V=V, ®---@® ¥V, into irreducible submodules so that
X=V@®---@®V, for some r, ] Sr=k. The theorem implies that r==k, i.e. X=7V.

5. Balanced vectors. We need only to consider the complex case. Let W be an
irreducible complex G-module. W is of the first kind if it is isomorphic to the com-
plexification of a real irreducible G-module. It is of the second kind if it affords a
real character but is not of the first kind. It is of the third kind if the character
afforded by W is not real.

THEOREM 6. Let V be a complex G-module such that the real G-module V°,
obtained from V by restriction of scalars, is isomorphic to a homogeneous component
of RG. Then x € V is balanced in V if and only if it is principal in V°.

Proof. Note that the scalar product in ¥° is introduced by (x, y)o=Re (x, y).
Thus x is balanced in V if and only if it is balanced in ¥°. The assertion now
follows from Theorem 5.

If W is an irreducible complex G-module then there exists another irreducible
complex G-module  such that the characters afforded by W and W are conjugate
to each other. The module # is determined uniquely up to isomorphism. We shall
say that W is the conjugate module of W. If W is of the first or second kind then
W=~ W. When W is of the third kind then W is not isomorphic to W.
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If X and Y are complex vector space then an additive mapping o: X — Y is
called semilinear if o(Ax)=Ao(x) for all xe ¥ and Ae C. Now let X and Y be
complex G-modules. A semilinear mapping o: X — Y is a semilinear G-isomor-
phism if it is bijective and satisfies the following two conditions:

(ox,09) = (3, %),  Vx,yeX,
a(gx) = g(ox), Vxe X, VgeG.
We shall omit the proof of the following

THEOREM 7. Let W be an irreducible complex G-module. Then there exists a
semilinear G-isomorphism o: W — W. It is unique up to a scalar factor of unit
modulus.

It is easy to see which complex G-modules V satisfy the condition of Theorem 6.
Let W be an irreducible complex G-module and write n=dim W.

If W is of the first kind and » is even, say n=2k, then we can take V>~kW.

If W is of the second kind then 7 is even, say n=2k, and we can take V~kW.

If W is of the third kind we can choose an integer k (0 <k <n) arbitrarily and
take VkW® (n—k)W.

These examples exhaust all the possibilities for ¥ (up to isomorphism).

In what follows we assume that V' is the homogeneous component of type W
of CG and that W is of the first kind. We shall determine all balanced vectors in V.
In this case V (resp. W) is isomorphic to the complexification of a real G-module
VO (resp. W°). ¥ is isomorphic to the homogeneous component of type W° of
RG. If (x, y) is the scalar product in a real G-module then we equip its complexifi-
cation with a scalar product defined by »

(%1 +ixg, y1+iys) = (X1, y1) + (X2, y2) +i(x2, y1) —i(x1, ¥2)
where x;, X3, 1, Vo are vectors from the real G-module and i is the imaginary unit.

If x e V then we can write x=y+iz where y,ze V° Let V°=V,®---®V,
be an orthogonal splitting of ¥ into irreducible submodules. We fix a system
[ Wo—V, (1=r=n) of G-isomorphisms. Then we can write y=>7_, fi(y,),
z=3"_, fi(z,) where y,, z, € W°.

Using this notation we have

THEOREM 8. Let V be the homogeneous component of type W of CG and assume
that W is of the first kind. Let e,, . . ., e, be a fixed orthonormal basis of W° and
Yr=235=1 € 2,=27_1 Bye,. Then x is balanced if and only if Re [(ve)(ysr)*]=pl
where yg, = oy +1B;,.

Proof. The character y afforded by Wis real. If x is balanced in ¥ then Re (gx, x)

=(|x|?/n)x(g). This can be written as >'_, [(gyr, y»)+(82r z,)]=px(g) where
p=|x|?/n. Since W° is absolutely irreducible we have

3 1 20+ (42 2] = e (4)

for all linear transformations 4.
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We identify W° with its dual by using the scalar product. Thus we can identify
WO°® W° with the space of linear mappings W°— W° We have (a ® b)(u)
=(u, a)b. Taking A=a® b we get

ré (> @)(B, ) + (2., 0)(b, 2,)] = (b, a).

Since this holds for arbitrary b we must have

2 (¥, @) yr+ (2, @)z,] = pa.

Since this holds for all a we have

Z rOn+zQ2z) = pl
r=1

Put A=Z?=1 Yr Q@ Vs B=Z;l=1 z, Q z,.
Then A and B are commuting positive semidefinite operators. Writing y, and
z, as in the theorem we get

a=3(3 ww)e®en  B= 3 (Zlﬁs,ﬂt,)e,® e

s,t=1 \r=1 =
Since A+ B=pl the theorem is proved.
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